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Abstract 

\ A general scheme for analyzing reductions of Whitham hierarchies 

■ is presented. It is based on a method for determining the 5'-function 

^) . by means of a system of first order partial differential equations. Com- 

\ patibility systems of differential equations characterizing both reduc- 
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pH \ such as the dispersionless Toda equation (heavenly equation) and the 
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1 Introduction 



The study of dispersionless (or quasiclasssical) limits of integrable systems 
of KdV-type and their apphcations has been an active subject of research for 
more than twenty years (see for example |[l|]-[|l^). However, despite of the fact 
that many important developments on the algebraic and geometric aspects of 
these systems have been made, the theory of their solution methods seems far 
from being completed. Indeed, only for a few cases |jl5|-|T^ the dispersionless 
limit of the inverse scattering method is available and dispersionless versions 
of ordinary direct methods like the 9-method are not yet fully developed |jl8 



In Kodama and Gibbons provided a direct method for finding so- 

lutions of the dispersionless KP (dKP) equation 
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{Ut + SUU^)x = -Uyy, (1) 



and its associated dKP hierarchy of nonlinear systems. The main ingredient 
of their method is the use of reductions of the dKP hierarchy formulated 
in terms of hydro dynamic-type equations. As a consequence it follows that 
solutions of the dKP hierarchy turn out to be determined through hodo- 
graph equations. Recently, we proposed [|1^ an alternative direct method 



for solving the dKP hierarchy from its reductions. It is based on the char- 
acterization of reductions and hodograph solutions of the dKP hierarchy by 
means of certain systems of first-order partial differential equations. 



The aim of this paper is to present a generalization of the method of |[T9 
which applies to the Whitham hierachies of dispersionless integrable systems. 
These hierarchies were introduced by Krichever in ^ and contain many in- 
teresting dispersionless models as, for example, the (2 + l)-dimensional inte- 
grable systems 

^.y+ie") =0, (2) 



known as the dispersionless Toda (dT) equation {heavenly equation or Boyer- 



Finley equation pO|-[^), and the generalized Benney system [|10 

at + {av)t = 0, 

Vt + VVr, + l^a; = 0, (3) 
Wy + a:r = 0, 

In the next section we review briefly the definition of the Whitham hi- 
erarchies (zero genus case) and introduce our main notation conventions. 
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Section 3 concerns with the method for characterizing reductions and hodo- 
graph solutions of the Whitham hierarchies. To this end we take advantage 



of the same scheme as in [|T^] to introduce reductions through systems of 
first-order partial differential equations. The main difference with respect 
to the procedure used in [|l^] lies in the more involved construction of the 
^-function. Like in the study of the dKP hierarchy, we find that the com- 
patibility equations for characterizing diagonal reductions of the Whitham 
hierarchies are deeply connected with the theory of Combescure transforma- 
tions of conjugate nets. Finally, Section 4 is devoted to illustrate the method 
with examples of hodograph solutions of (H) and (Bl). 



2 The Whitham hierarchy 

The M-th Whitham hierarchy is related to a family of evolution equations 
for a set of M functions = Za{p,t), 1 < a < M depending on a complex 
variable p and an infinite set of complex time parameters 

t:={tA:A = (a,n) G A}, 

where 

A = {{a,0)}tL,\J{ia,n)}o.=,_M. 

n=l,...,oo 

It is assumed that a neighborhood D of oo in the extended complex plane 
of the p variable exists on which each has a simple pole at an associated 
point qa = qaif) ■ In particular, we set gi = oo and assume that Zi posses 
the normalized Laurent expansion 

^i(p,t)=p + f;^, p-oo. (4) 

n=l ^ 

The corresponding expansions for the remaining functions z^ at will be 
written as 

it) °° 

z,{p,t) = "^'-^^J + Va,,„(t)(p-g,(t))", p^q,{t), 2<i<M. (5) 

In order to define the Whitham equations we introduce the system of evolu- 
tion equations 

--^ = {fi^,zj, l<a<M. (6) 
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Here {■, ■} is the Poisson bracket 

{Fi,F2|:=— — — , x:=ti,i, 

op ox ox op 

and the functions Qa = ^a{p, t) are defined by 

r - ln{p - qi{t)) for A = (i, 0), 2<i< M, 

= I (7) 

[ for v4 = (a, ra), l<a< M, n > 1, 

where 

with P(a,+) being the following projectors acting on Laurent series around 

oo oo 

n=— oo n=0 
cxD oo , 

E ""(p - *(*»") = E fo_:iu„ . 2 < . < Af. 

ra=-oo n=l y«wJ 

The Whitham hierarchy is the set of equations 

^-^ + {^A,ns} = 0, ABeA, (8) 

OlB OlA 

which describe the compatibility conditions for the system @. For M = 1 
the Whitham hierarchy becomes the dispersionless Kadomtsev-Petviasvhili 
(dKP) hierarchy. Some interesting nonlinear models included in the case 
M = 2 are, for example, 

1. The dispersionless Toda (dT) equation [heavenly equation or Boyer- 
Finley equation) 

<!>,y + (exp($))tt = 0, (9) 
which is obtained from (H) by setting A = (2,0), B = (2, 1) and 

y '■= t{2,l), t := -t(2,0), 

$:=lna._„ ^^^^ 

(](2,0) = - Hp - (12), ^{2,1) = — — TTT- 



4 



2. The generalized Benney system (generalized gas equation) |]TU| 

dt + {av)x = 0, 
vt + vv^ + w^ = 0, (11) 
Wy + a^ = 0, 

can be regarded as a two-dimensional generalization of the equations 
for one-dimensional gas dynamics. It takes the form by setting 
A = (2,1), B = (1,2) and 

1 

y '■= t(2,i), t ■= --t{i,2), 

a := 02-1, V := q2, w := ai,i (12) 
^(2,1) = ^(1,2) = + 2ai,i. 



3 Reductions of the Whitham hierarchy 
3.1 The S function 

In this paper se shall study algebraic orbits of the zero genus Whitham hier- 
archy defined by 

Zi = fi{z), z:=zi, 2<i<M, (13) 

which are easily checked to be compatible with (|^). 
Furthermore, it follows from (^ and (|^) that 

d d 

-VLA{p{z,t),t) = ——nB{p{z,t),t), 



dtB dtA 
and therefore there exists a potential function S = S{z, t) satisfying 
dS{z,t) 



nA{p{z,t),t), AeA. (14) 



Reciprocally, we can state the following proposition on which our solution 
method for the Whitham hierarchy will be based 
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Proposition 1. Let {za{p,t)}^^^^ be a set of functions satisfying a system of 
time-independent relations (|T^) as well as (^) and (j^). If a function S{z,t) 
verifying (p^ ) exists, then the functions Za{p,t) provide a solution of the 
Whitham hierarchy. 

Proof. First we notice tliat by setting A = (1, 1) in (II) it follows 

dS{z,t) 



p{z,t) 



dx 



so that 



dilA dp dilA 
dp dx dx 

Hence, the function z = z{p, t) satisfies 



dz dz dp dz / OQa dp ^ dflA 



dtA dp dtA dp V dp dx dx 
dilA dz di^A dz ^ 
dp dx dx dp ' 

Therefore, by using (p3l) we deduce (BI). □ 



3.2 A^-reductions of the Whitham hierarchy 

We are going to describe a method for finding solutions of the Whitham 
hierarchy from functions z = z{p, u) depending on p and a finite set of vari- 
ables u := {ui, . . . ,un), such that the inverse function p = p{z, u) satisfies a 
system of equations of the form 

^ = R,{p,u), l<z<N, (15) 
dui 

or, equivalently, in terms oi z = z{p, u) 

^ + i?,(p, 1^)^ = 0, l<z<iV. (16) 
The following conditions for the functions Ri will be assumed 
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i) The functions Ri are rational functions of p which have singularities 
only at simple poles Pi = Pi{u), i = 1, . . . , N, and vanish at p = oo. 
Therefore, they can be expanded as 



riAu] 



i?.(p,n) = ^^^. (17) 



ii) The functions rij{u), Pi{u) satisfy the compatibility conditions for 

m-m 

dpk dpk _ rj-f^fc - ruTj}; 

(18) 



^"i (Pfc ~ P')^ 



where i ^ j- 



The starting point of the method is a solution z = z{j), u) of ( |15|) with a 
Laurent expansion 



oo / X 

aJu) 



z(p,w) =p + 2^^^, p^oo, (19) 



n=l 



which is assumed to define a univalent analytic function z : V —>■ V between 
two neighborhoods V and V of oo in the extended complex planes of the 
variables p and z respectively. The next step is to take (M — 1) different 
points ZQ^i G V, 2 < i < M and define the functions 

Zi{p, u) := z{p, u), 
Zi{p, u) := \ , 2<i<M. 

Obviously, they satisfy the system of equations 

|^ + i?.(j9,n)^ = 0, 1<«<M, (21) 
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and admit expansions of the form 



zi{p,u) = p + p^oo. 



n=l 



P" 



Zi{p,u) 



p-qi{u) 



+ ^ai^n{u){p-qi{u))'', p^qi{u) 



(22) 



n=0 



for 2 < i < M, here 



qi{u) := p{zo^i,u). (23) 

Observe that introducing the expansions at p = oo, qi, i = 2, ... , M, of 
^) in (|1]) we get 



dui 
dui 

dui 
dqa 



N 



AT 



(24) 



AT 



i?j(g„) 



duj 

91ogaQ,,_i d-R 



for a = 2 M 



dp 



(25) 



while the other coefficients aa^n in the expansion of determined by: 

n-2 



k=l 



^T^-J^ilMi^n-k+i, for i = 2, . . . ,M, 



fc=i 



fc! dp^ 



with 



AT 



j=i 
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Finally, we introduce the function 

S {p, u, t) = 5+ {p, u, t) + >S_ (p, u) , 

S+:=J2tA^A{p,u), (26) 

where flA{p,u) are defined by (0) and (P^, and S^{p,u) is an analytic 
function on D such that 

lim w) = 0. (27) 

p— >oo 

We can now enounce the following statement 
Proposition 2. If S-{p,u) satisfies a system of equations 

^ + = . IS.SiV. (28) 

dUi dp ^ p-Pk 

for a given set of functions {Fi = Fi{u)}fLi verifying the compatibility con- 
ditions for 



and t/ie functions {ui = Ui{t)}fLi are implicitly determined by means of the 
hodograph relations 

J2 tA^iPiH, u) + Fi{u) = 0, l<z<N, (30) 

then 

S{z,t) ■.= S{p{z,u{t)),uit),t), (31) 
is an S -function for the Whitham hierarchy. 

Proof. The proof is based on the following consequence of (PB]) and (PT|) 



S{z,t) = nA{p{z,u{t)),t) + Y,j^(j^S{p{^,u),u,t)) , (32) 

dtA ~^ otA \dUi / u=u(t) 



u=u(t) 
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and our aim is to prove that under the hypothesis of the proposition the 
functions 

d dS dS 

—S{p{z,u),u,t) = —Ri + —. (33) 



vanish identically, so that S{z,t) satisfies ( p!4D and, consequently, the state- 
ment will follow at once. 

By construction the functions ( p3| ) are analytic on P up to a set of possible 
isolated singularities at {pi{u) , qa{u)} . On the other hand we observe that 
m) implies 

dS 

F,{u) = -^ip,iu),u), (34) 

so that (|30[) is equivalent to 

dS 

— (p^(u),u) = 0, l<t<N. (35) 

As a consequence we deduce that the functions (^) are analytic at Pi{u). 
Hence, their possible singularities reduce to the points qa{u). However, we 
have 

—S{p{z, u),u,t) = Y^ tA-^^A{p{u), u) + (36) 
and we may rewrite 

^^(i,o) = In Pa,-) hi^,o) ^—) , 2<i<M 

Z — ZQ^i \ Z — ZQ^i/ 

(37) 

^{a,n) = — -) (^(a,n) " , n > 1, 

where P(a-) •= 1 ~ ^ia,+) ^^e projectors which annihilate the singular 
terms of Laurent expansions at p = qa{u). Thus, by noticing that the first 
terms in the right-hand sides of (|37D are n-independent while the second 
terms are analytic at qa{u), we conclude that the functions (|33| ) are also 
analytic at the points qa{u). Hence, these functions are analytic on the 
whole domain T). Moreover, by taking ( p7D into account, it follows that 
there is an expansion of the form 

AsW.,„).„,t) = f;i-^. (38) 
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so that 

d ( d 

—S{p{z, u), u, t) = P(i _) {^—S{p{z, u), u, t] 

- P f^R ) + ^ 

V dp V dui 

Let us now denote hj E = E{p, u) any entire function of p such that 

E{p,{u),u) = Fi{u), i = l,...,N. 
Then, by taking into account that ( PU] ) imphes 

it follows that 

d ^ ^ /dS.^ „„\ dS- 



dp J dui 

dp ' dui 4^ p - Pk 

k 

= 0. 

Hence, the statement follows. □ 

3.3 Diagonal reductions, symmetric conjugate nets and 
potentials 

In the case of diagonal reductions rij = SijVi, 

dp ri{u) 



dui p-pi{uy 
with i = 1, . . . , iV, the compatibility conditions ([18|) and ( p9l) reduce to 

dVi _ 2 TiTj 



(39) 



duj {pj -pif 

dpi _ Tj 
duj Pj - Pi ' 

dFi _ ^ Fj- Fi 



(40) 



duj ^{pj-piy 
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where i ^ j- We may extend our observations of by showing that 
the diagonal reductions of the Whitham hierarchy determine a particular 
symmetric conjugate net as well as a set of (M + 1) Comberscure transformed 
symmetric conjugate nets. In particular we are going to prove that the 
coefficients 01,1,01,2,01,3,^0,-1 and are geometrical potentials associated 
with these Comberscure transformed nets. 

A conjugate net with curvilinear coordinates u can be described in terms 
of a set of rotation coefficients {/3jj('u)}j,j=i,...,Ar which satisfy the Darboux 

equations 

TT"^ = (3ik(3kj 
OUk 

for any triple of different labels i,j,k. The associated Lame coefficients 
{i?j(w)}j=i,,,,,Ar are defined by the solutions of the linear system 

Under a Comberscure transformation a conjugate net transforms into a 
parallel conjugate net. The rotation coefficients are left invariant but the 
Lame coefficients change. The new Lame coefficients are given by 



with 



duj H, 



A conjugate net is said symmetric iff jSij = (3ji. Given any pair of parallel 
symmetric conjugate nets characterized by {Pij,Hj} and {Pij,Hj}, respec- 
tively; then, it follows that locally there exists a potential function p so that 



dp 

(TiHf = — — ; to see this just observe that 

OUi 



' = (3ij{HiHj + HjHi), 

which is a symmetric expression provided (3ij = jSji. 

Taking Hi := ^/rl and := —, as the first equation on (HO) is 

[Pi-Pj) 

dH- 

= PijHj, we can identify Hi and (3ij as the Lame and rotation coeffi- 

OUj 

cients, respectively, of a conjugate net. 
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The functions 



dp 

nomials in 

Pi, for i 

Pi,a = < 1 



determining the hodograph relations are poly- 

P=qa 



for a = 2, ... M; 



.Pi - qa 



observing that (5ijHjlHi = -r it is easy to see that these coefficients 

[Pi-Pj) 

determine a set of M Comberscure transformations. Then, together with 
the set of Lame coefficients {Hi = ^/f\}'iLl we have the M famihes of Lame 
coefficients 

{Hi^a ■= Pi,aVr'i}f=i, for a = 1, . . . ,M. 

It also follows that there is another Comberscure transformed net with Lame 
coefficients given by 

:= v^F.jili- 

From (^) and (|25|) we easily find the potentials for HiHij and Hf^: 

for a = 1 



H.H.,^={ (42) 



for « = 2,...,M, 



dui 

9(ai,3 + a?,i/2) 



for a = 1, 



E't^={ (43) 
^ 51oga«,_i o A# 

for a = 2, . . . , M. 



dui 



In this way ai^i, ai 2, 01^3, aa-\ and g^, a = 2, . . . , M acquire a direct geo- 
metrical meaning. 
Observing that 



Ai = 7 ^ ^Pi,kaPj,o^. for a = 2, . . . , M, 

\Pi,a Pj,a) 
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we write our original compatibility conditions as follows 



^'7. ^ 13 2 2 



PlaPla, (44) 



dpi a T^j 2 2 

= — z — r 

OUj Pj,a Pi, a 

r)F- F- — F- 

u± 1 ± J ± I 2 2 

^ 77^. 7^. \2^i,oiPj,a-i 



dUj {pj^a - Pi,a) 

for a = 2, . . . , M. This system determines a particular symmetric conjugate 
net and two Comberscure transformations of it. Moreover, if we want to 
recover the original formulation from these pi^a we just need the potential Qa 
of pi^ari and then rj,pi = p~^ + go,, a = 2, . . . , M, will fulfill 
From (|1|), (H) and (||) we easily get 



duiduj 



^ + iiji\fr'i^j = 0, 



^'^^'^ + f^jiVriy/TjiPt +Pj) =0 



duiduj 

+ Pji^/r'iy/r~{pi^a+Pj^a) = 0, fora = 2,...,M 



duiduj 



92(ai3 + a2,/2) 

' - + 2(3jiy/Fi^piPj = 



d'^ log a. 



+ 2Pji^iy/r~pi^aPj,a = for a = 2, . . . , M. 



a,-l 



duiduj 



Observe that (|40D or (|44D can be written in terms of two potentials only. 
For example we can choose these potentials to be Qa and loga^ _i and use 



dqa \ ^ d log a 



a,-l 



dui J _ dui 



duj dui 



together with 



^ I ' J 2 2 

HiiV^iy"^] ~ 7 Z T2Pi,aPj,a 
\Pi,a Pj,a ) 



a log aa,-i 91ogaa,_i fdqa dqa\'^ 



dui duj \duidujJ M/j - (aa „i, g, 
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where 

' dui duj duj duj 

for a = 2, . . . , M. 



eta, -!,<?« dUidUj V C^Mj (9Mj / dui dUj 

For i, j = 1, . . . N and i ^ j- 

4 Examples 

4.1 Dispersionless Toda equation 

In order to find solutions of the dT equation 

+ {exp{^))tt = 0, 

we set all equal to zero with the exception of t(2,i) and t(2,o), so that from 
([10| ) and by denoting 

g(t):=g2(t), K*) := a2,-iW, (45) 

we have that 

$ = lnz/(t). (46) 

= 1 reduction Let us first consider reductions z = z{p, u) depending 
on a single variable u defined by m = —ai-i. Then (^) becomes the Abel's 
equation 

and (|30D reads 

t yviu) , , , , 

^ ^ ' +X + F{u) = 0, (48) 



Piiu)-q{u) ipiiu)-q{u)y 



15 



where q{u), Pi{u) and F{u) are arbitrary functions of u. On the other hand, 

dq{u) 1 

du q{u) — piiu) ' 
din 1/ 1 



du {q{u) — Pi{u)y 

In this way, we may rewrite (^8|) as 



-— - yu' -x + F{u) = 0, 

where u' := dz// dw. Therefore, as pi{u) is an arbitrary function of u we 
have 

tT{u) + yY{u) + xX{u) + F{u) = 0, 

(49) 



$ = In 



XY\ 



J^2 



where T{u), X{u), Y{u) and F{u) are arbitrary functions of u. For exam- 
ple when T, X, Y and F are polynomials of 4th degree we can get explicit 
examples of solutions. For example, assuming 2nd order polynomials we get 

1 Xix + Yiy + Tit + Fi ^ Xqx + Y^y + T^t + Fq 



m:=7±V7^ — 5, 7:= , 5:— , 

^ ^ ^ ^ 2X2X + F22/ + r2t + F2' X2X + Y2y + T2t + F2 

and a solution of dT is 

$ = In ((Xi - 7X2) (-7 ± Vt^) + ^0 - ^Xi) 
+ In ((Fi - 71^2) (-7 ± V^T^) + - 
- 2 In ( - (Ti - 7T2)(-7 ± Vt^) - + ^Ti 



Another example is to take T = m^, F = m^, X = m, F = 1 to get the 
following hodograph relation 

tu^ + yu^ + xu + l = Q 
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and the corresponding solution of the dispersionless Toda equation: 

" ^ il2xt-Ay^ + 8yf - P 

where 



fix, y,t):= y 36xyt - 108^2 - 8y^ + uVst^/AxH - x^y^ - \8xyt + 27t2 + %3 

N > 2 diagonal reductions Let us consider now reductions z = z{p, u) 
involving > 1 variables u := [ui, . . . ,un) associated with a system of 
equations (|16|) ( or (|15|)). Consequently, the functions Vijiu), Pi{u) are 
assumed to satisfy the compatibility conditions (^91) . In this case we get the 
following system of equations for determining q{u) and z^('u) 

— = Ri{q,u), 

dlnv dRi , , . - ^^^^ 
oui op 

where i = 1, . . . , N . Thus, given a set of functions {Fi{u)}f^^ satisfying (pQ]), 
the hodograph relations (|30|) read 



y exp (/''EjLi^(?N.^)d 



Pi{u)-q{u) {pi{u)-q{u)y 
for i = 1, . . . , N, where now q solves 

dq Ti 



+ x + Fi = 0, 



dui Pi- q' 

If we define 

1 



the above equation reads 



tP, - yPl exp - / ^ r^P/ d M^j +x + Fi = Q. 

i=i 
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For N = 2 a simple solution we can take 

11 1 

ri = -r2 = -{ui - U2),pi = t(3mi + M2), P2 = 7(^1 + 3^2), 
o 4 4 

(51) 

Fi = —F2 = , 

U2 — Ui 

where c is an arbitrary complex constant. In this case we can get the explicit 
solution z{p,u) of (|T6|) satisfying (|19|). It is given by 

(ui — U2Y 

z = p+ ^ V -. 52 

^ 16p - 8{u^ + U2) ^ ' 

Thus, from (E3f) we can set 



= + Zo){u2 + Zq) + +U2- 2zo), (53) 

so that by denoting 

Ui := ^/ui + zq, i = 1,2, 
the hodograph relations become 

4y c ^ 

{UiU2y {Ui-U2Y ' 



(54) 



4t+(2.-^^^^)(f/, + ^2)^-c^0, 



(t/i - U2) 
and we have 

The system (|5^ ) reduces to a quartic equation as we shall show. We first 
write the system (|5^) in terms of 



M± := (?7i ± [/2)^ 

as follows 

6% c 

X + -r = 0, 



4t + (2a; - — )m+ - c = 0. 
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By eliminating m+ = (c — 4t){2xu^ — c) we get 
x^ut + (-3c + At)x'^ui+{At'^ - Set + 3c^ + 6Axy)xu^_ 



+ {-if + Act - QAxy - c^)cu_ + IQc^y = 0, 



and the associated solution (p5D of the dT equation equation is then given 
by 

$ = log( )■ (56) 

4.2 Generalized gas equation 

We consider now solutions of the generalized gas equation 

at + (av)^ = 0, 

Vt + VVr, +Wr, = 0, (57) 

Wy + ttx = 0. 

We set all time variables equal to zero except for t(^2,i) and t(i^2) and use 
the notation conventions (^S]). Then, from (0) it follows that the dependent 
variables are given by 

a = i^{t), V = q{t), w = ai_i(t). 

= 1 reductions Reductions z = z{p, u) depending on a single variable m, 
defined by u = — ai^_i, lead to the Abel's equation ( ^Tj) and to a hodograph 
relation (|30|) of the form 

-tPi - , ,^'^^''\ + X + F{u) = 0, (58) 
{pi{u) - q{u)y 

where q{u), pi{u) and F{u) are arbitrary functions of u. We may rewrite 
(H) as 

^(p(m)~/ ^H^") -^^^^^P (- y P^du^ +X + F{u) =0, (59) 
where P := duq{u) is an arbitrary function of u and 

a = exp ^ — y P^d-uj, ^~ J "if = — w. (60) 
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An equivalent form of (0) is 

at + {av):r = 0, 



[vt + vv^)y - a^^ = 0. 



To prove this fact just consider a solution {a,v) of (pTl), then integrating 
the second equation with respect to the y variable we conclude the existence 
of a function f{x, t) such that 

vt + vvx- [ a^xdy + = 0. 

Then, a solution of (|57| ) is given by (a, w) with 

/•?/ 

w{x,y,t) := f{x,t) - a^{x,y,t)dy. 

Now we will show two reformulations of the previous N = 1 technique 
providing us with explicit solutions to 

1. If we parametrize in terms of a{u) = exp(— J" P'^iu) du) assuming that 
a is a solution of the following ODE 

da 1 



du af'{ay 

for a given function / = f(a) if '{a) = — ^) from log a = — P P'^iu) du 

da 

we have 1/P := —af'{a) and we get the following hodograph relation 

(a/'(a) + f{a))af'{a)H + y - {x + F{a))af\af = 0. (62) 

Then, given two arbitrary functions / and F, and a{x, y, t) a solution 
with of (|6^) then a,v = f{a) is a solution of (|61|) 

For example, if f = Aa + B and F = —{Ca^ + Da? + Ea + G), with 
A, B,C, D, E and G arbitrary constants we get the hodograph relation 

A^Ca"^ + A^Da^ + A\2At + E)a^ + A^{Bt - Ax + AG)a + y = 

and the solution of (|6lD is a, v with vt> given by 

t, = + 5. 
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If we take / = a + 1 and F = we get the following solution 

3(t -x)- At^ 2t 

a = a , 

9a 3 ' 

V = a + 1 

with 

32 



:= (^12t{t-x)~18y-—t^+2{l2t^-3Qxt'^-12t^+36tx'^+24xt^-12x^ 
- I2xh'^ - im'^y + imxy + 81?/^ + QQyt^) 



Another simple example appears when we take /(a) = log a, the solu- 
tion to the hodograph equation (for F = 0) is 

a(x, y, t) = -W (- exp(x/t — 1)) 
y \t J 

and 

X 



1 + 7 



v{x, y, t) = exp(x/t — l)j 

where W is the Lambert function defined by 

W{z)exp{W{z)) = z. 

2. Alternatively, we can parametrize in terms of f = Pdu where v is 

subject to the ODE = —g'{v)/g{v). Then, we get from (|59D the 
following hodograph relation 

~t{g{v) + vg'{v))g{v) - yg\vf + g{y)g'{y) + F{y) + g{y)g'{y) = 0. 

This equation is gotten by takin into account that g{v) = f^^{v), is the 
inverse function of /. Thus, given two arbitrary functions g, F and a 
solution v{x, y, t) to this hodograph relation we get a solution a, v with 
a given by 

a = g{v), 

of (pT]). In particular if g := A^"^ + Bfi + C and F = + E we get 
the following hodograph relation 

- SAHfi"^ + {2A^x - %A^y - hABt + AD)^^' 
+ {ZABx - UA^By - 2{2AC + B^)t + AE + BD)^^ 
+ {{2AC + B'^)x - QAB^y - 3BCt + BE + CD)n 
+ BCx - B^y -CH + EC = 
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N > 2 diagonal reductions Reductions z = z{p, u) involving > 1 
variables u := {ui, . . . ,U]\r) can be analyzed by the same scheme as in the 
case of the dT equation. They are associated with a system of equations (|I6|) 
( or ([T5|)), where the functions rij{u), Pi{u) are assumed to verify the com- 
patibility conditions (l29|). The functions q{u) and z^(it) are determined by 
solving the system (|50|). Thus, given a set of functions {Fi{u)}fLi satisfying 
(|29|), the hodograph relations (|30|) read 



-tpi{u) ^ — - + x + Fi = 0, (63) 

{Pi{u) -q{u)y 

where 1 < i < N. The dependent variables of the Generalized Benney system 
are then given by 



N 

\Uj}, v = q[u) 

— UJJ 

(61) 



w= I Res{Ri{p, u),pj{u)) duj. 



In the particular case of the N = 2 reduction of diagonal type defined by 



Pi = ^(3mi + U2), P2 = ^{ui + 3^2), 



(65) 



the function q{u) is given by (p3D , so that by denoting 



Ui := y/ui + zq, i = 1,2, 

we have 

g(n) = + ^{U^ + Ul - 4zo), 

p,{u) = -^{Wl + Ul - Az,),p2{u) = i(f/2 + 3Ul - Azo). 



(66) 
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The hodograph relations reduce to 

Ay 1 



and (|6^ implies 



UIU2 4' 

- 7 (3f/2 + f^i -Azo)t + x + F2 = 0, 



(67) 



a = ^\uf ^ - = \iU, - U,f -zo,w = - U',r. (68) 

In particular, for Fi = F2 = one finds the following explicit solution 

2x + zot 



3(t2y)l/3 

-(f)" 

(x+^_ /y\2/3 



3t \tJ 3 
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